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INTRODUCTION 
Advanced composite materials present unique challenges for nondestructive 
evaluation of their material properties and state of health or damage. Stitches and other 
through-the-thickness reinforcements are becoming much more common because of their 
ability to give substantially improved three-dimensional strength to finished components. 
They also allow textile preforms to hold their shapes before and during resin transfer 
molding, and can be important in automated tow-placement processes. Ultrasonic testing 
of advanced composites is desirable before, during and after consolidation and curing in 
order to monitor both the initial fabrication and the eventual inevitable structural 
degradation as the composite structure ages. Unfortunately, the very stitches that improve 
the properties of the composites interfere with the usual inspection methods. This 
difficulty can be overcome, however, if the interaction of the probing ultrasonic radiation 
with the through-the-thickness reinforcements can be understood and quantified. In this 
paper we present the results of our recent study which has considered theoretically and 
experimentally the scattering of elastic waves from embedded cylindrical elastic scatterers. 
In particular, we have derived an exact and analytic, closed-form solution for the oblique 
polar backscatter from these structures and then have compared our theoretical results 
with ultrasonic immersion tank experiments conducted on wires, fibers and tows embedded 
in polymeric materials. 
The scattering of elastic waves by embedded solid objects has been a problem of 
continuing interest in a variety of fields since the middle of the last century when Clebsch 
considered the interaction of light with a sphere using an elastic-solid theory of the ret her 
[1]. The method of solution which Clebsch originated in this, his last paper, solves by 
separation of variables the partial differential equation that governs the wave fields, and 
then enforces the boundary conditions at the scatterer surface to determine the unknown 
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coefficients in eigenfunction series. This type of exact solution falls under the heading "Mie 
theory" after G. Mie who is normally credited with the exact solution for electromagnetic 
wave scattering from spheres [2J, and is preferable to Rayleigh-scattering solutions which 
are applicable only to small scatterers [3J. Although Mie scattering solutions give exact and 
analytic formulae for scatterers of arbitrary size compared to wav~length and no restrictions 
need be imposed a priori on any of the material parameters, their drawback comes in the 
extensive algebraic manipulations necessary one time to write the scattered fields explicitly. 
In both electromagnetics and acoustics, where only transverse or longitudinal fields 
are present, Mie scattering solutions have been available for some time [4J. In elastic wave 
scattering, however, both longitudinal and transverse wave modes are present, and in any 
wave interactions with material discontinuities the two modes are coupled at the boundary. 
This mode coupling doubles the size of the algebraic system of equations to be solved in 
order to write the scattered fields explicitly, and because of this until recently it was 
necessary to either solve the boundary value problem numerically or use simpler results 
restricted to scatterers small compared to wavelength [5J - [7J. We have found that 
Mie-scattering boundary-value systems can be inverted analytically, and that useful 
closed-form formulae can be written in spherical and cylindrical coordinate geometries [8J -
[11 J. This eliminates the need for numerous numerical matrix inversions, and allows special 
cases to be investigated analytically by simple limiting processes. Moreover, numerical and 
graphical results can be developed to explore scattering behavior directly by evaluating 
functions and summing well-behaved series. Exact solutions can be further used as 
benchmarks for numerical codes, as calibration standards for measurements, and as tools to 
rapidly train neural networks to recognize inverse scattering configurations. In this paper 
we consider a cylindrical elastic scatterer embedded in another elastic medium, and derive 
by Mie-scattering techniques the scattered longitudinal and transverse waves which result 
when a longitudinal elastic wave is incident obliquely upon it. We derive back-scattering 
cross sections for this configuration and compare the angular dependence of the backscatter 
with ultrasonic immersion tank measurements. 
EQUATIONS OF DYNAMICAL ELASTICITY 
We assume in our model that the elastic medium in which the elastic cylinder is 
embedded extends to infinity, and that the two materials can be described by the same 
equations of motion with differing material parameters. We use the dynamical equation of 
motion for an isotropic and homogeneous medium: 
where p is the medium density, J-L and>' are elastic Lame parameters, and U is the 
displacement vector. After some manipulation and assuming harmonic time dependence 
e-·wt , the equation of motion can be written as 
(1) 
(2) 
Here, K = W / CT and k = W / CL are the propagation constants for transverse and 
longitudinal elastic waves, with c} = J-L/ P and cl, = (>. + 2J-L)/ p defining the transverse and 
longitudinal wave propagation velocities respectively. Longitudinal and transverse waves 
can be immediately separated by using a Helmholtz vector decomposition U = UL + UT, 
where the longitudinal field satisfies \1 x UL = 0 and the transverse field satisfies 
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\7 . UT = O. The longitudinal displacement field is irrotational with displacements along the 
direction of propagation. The transverse displacement field is solenoidal with displacements 
perpendicular to the direction of propagation. The total displacement field is a linear 
combination of these fields. It is convenient to write the transverse displacement fields in 
two orthogonal components, so that we have U = UL + usv + USH" These three vector fields 
can then be written in terms of three scalar functions by 
UL 
1 
--\711£ k 
usv \7 x (ZIIsv) (3) 
USH ~ \7 x \7 x (ZIISH) 
The three Debye-potentials I1£, IIsv, IISH all satisfy Helmholtz equations 
(4) 
The general solution to the Helmholtz equation is known in cylindrical coordinates, so we 
can expand the displacement and stress fields in eigenfunction series and then match 
boundary conditions at the cylinder surface in order to determine the modal coefficients. 
SCATTERING FROM CYLINDERS 
We consider an infinite elastic cylinder which is embedded in a different elastic 
material at the center of a cylindrical coordinate system. The cylinder axis is the z-axis of 
a local coordinate system, and the boundary between the scatterer and the surrounding 
medium is the constant coordinate surface r = a. The matrix material will be designated 
(1) and the cylinder material will be designated (2). An infinite time-harmonic plane wave 
is assumed to be incident upon the cylinder at an angle <Pi to the cylinder axis in the 
xz-plane. We can thus write the incident longitudinal plane wave potential as 
00 
IIine = ~ Enin I n ( kl r sin <Pi)einB eik,z COBq" 
n=O 
(5) 
The scattered fields which result will be of both the longitudinal and transverse types, and 
we can write the Debye-potentials for each as 
IIrat f (~f) €ninH~1)(klrsin<pdeinBeik,zco.q,L 
n=O 0 
II,cat _ T -
In these equations En has the value 1 when n = 0 and 2 otherwise, with In(x) and H~l)(X) 
denoting Bessel and Hankel functions. In addition to the scattered fields in the region 
r > a, transmitted fields of both types will also be present in the region r < a. We write 
their Debye potentials as 
IItan, f (~t) EninJn(k2rsin<p~)einBeik2zco.q,~ 
n=O 0 
II~an' = f (~~) EninJn(K2rsin<p~)einBeiK2zco.q,'-r 
n=O L10 
In these expressions the quantities l:!.o - l:!.~ represent the unknown modal coefficients for 
which we have solved for by application of the boundary conditions: continuity of 
displacements and normal surface tractions. We writel:!.o as 
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where a = k sin 4>, (3 = K sin 4> and 1 = k cos 4>. Although this expression looks quite 
complicated, it is important to note that it is in closed-form and in terms of well-behaved 
cylindrical functions. Once they are in hand we can explore the behavior of the scattered 
ultrasonic fields to any desired level of detail. In particular, we can calculate the scattered 
intensity in any direction and explore variation as a function of changing frequency or 
scatterer size or scatterer orientation or material parameters. The differential scattering 
cross section gives precisely this, normalized by the intensity of the incident plane wave. 
To calculate this we first consider the far-field scattered longitudinal and transverse 
displacement fields, which are 
(6) 
where the scattering amplitudes are given by the expressions 
JT(f) = f: fnin+1ein8eili~ sin 4>e-inw/2 (~~) 
n=O ~o 
The differential scattering cross section is then given by 
211" { 2 (Kl)2 2} 
u(r, 8) = k; Ihl + 1;" Ihl (7) 
Only the scattered longitudinal term contributes in backscatter direction and we write the 
desired backscatter cross section as 
(8) 
Again, we note that because the scattering problem has been solved analytically, the above 
represents an exact, closed-form expression for the fraction of the incident ultrasonic 
energy which will be scattered back towards the transducer in a pulse-echo configuration. 
The backscatter cross section is an extremely complicated function of material parameters, 
frequency, scatterer'size, and angle of incidence relative to the cylinder axis. We next 
explore this behavior and compare the predictions of our model with experiment. 
ULTRASONIC IMMERSION TANK EXPERIMENTS 
In addition to the theoretical analysis discussed above, we have also performed 
ultrasonic immersion tank experiments in order the characterize the polar backscattering 
from embedded elastic cylinders. We fabricated seven polymeric disks one inch in thickness 
and two inches in diameter. Two were cut from a plexiglas rod, and the others were cast 
from lucite and castolite. The cast resins each had, in turn, a glass fiber, a carbon fiber tow, 
a kevlar fiber, a copper wire, and a chrome wire stretched tightly across the long diameter 
of the mold before the resins were poured. The plexiglas disks were drilled in the same 
configuration and then the ends of the holes were plugged. In that way we had two samples 
with air-filled cylinders and five with solid elastic cylindrical scatterers. The samples were 
stacked and placed on a turntable in the ultrasonic tank. The pulse-echo measurement 
geometry with global coordiante system is shown in figure 1. The scanning was done in the 
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Figure 1: Measurement geometry for pulse-echo backscatter. 
plane of the disks so that effects due to the turntable rotation were eliminated. For each 
sample a line scan was performed by holding the transducer fixed while rotating the 
turntable in I-degree increments. The focal region of the transducer beam was centered at 
the cylinder inside the resin disk when the beam and the cylinder were perpendicular to 
each other (cP, = 90°). In this way we recorded the backscatter for several material 
combinations as a function of both frequency and polar angle. Comparison with the theory 
was then done by normalizing these measured backscattered fields with a reference signal 
obtained by measuring the reflection from a steel plate. Since the steel plate presents a 
large impedance mismatch to the water, essentially the entire incident beam is reflected 
and the signal recorded is representative of the incident beam [12]. In order to highlight 
the scattering as a function of incidence angle, we integrate the backscatter cross section to 
develop an integrated backscatter. Because this can be done experimentally as well, we 
compare experiment and theory for the IE for the cases considered. Figure 2 shows our 
results (theory) for the integrated backscatter as a function of incidence angle. In all cases 
we see similar behavior, with maximum return at normal incidence and gradual fall-off 
with angle. Figure 3 shows the corresponding measured results. 
DISCUSSION OF RESULTS 
Our aim in this work has been to investigate the influence of through-the-thickness 
reinforcements on the ultrasonic inspection of advanced composite materials. Because 
standard inspection methods which measure backscatter normally incident to the 
composite surface are seriously hampered by the through-the-thickness reinforcements, we 
advocate ultrasonic polar backscatter inspection techniques which measure the ultrasonic 
pulse-echo at an angle to the composite surface. We have undertaken a study of the 
backscattering from embedded elastic cylinders in order to understand and quantify the 
interaction of the ultrasonic waves with these through-the-thickness reinforcements in order 
that their effect on measured signals may be processed out. We are not interested in the 
scattering from the stitches as such, but rather in characterizing defects in the regions 
immediately surrounding them. Towards this end, it is fortunate that the integrated 
backscatter from embedded cylinders is a simple, symmetric function of the incidence angle 
for all materials we considered. In figure 4 we show the effect of defects in the region of the 
stitch. We compare the integrated backscatter for a kevlar fiber in resin with that for an 
identical configuration with the addition of a small air bubble adjacent to the stitch. The 
asymmetry of the integrated backscatter due to the presence of the air bubble is 
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Figure 2: Simulated integrated backscatter versus incidence angle. 
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Figure 3: Measured integrated backscatter. Figure 4: Effects of bubble near stitch. 
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immediately apparent and gives a clear indication of the presence of the defect. For other 
defects in either the fiber or the matrix, similar effects are expected. Our model and our 
experiments show clearly that for the pristine configuration, the integrated backscatter is a 
simple symmetric function of angle of incidence. Any deviation from this predictable 
behavior will then be due to such effects as porosity or resin-rich' areas around the fiber, 
fiber breakage or buckling, or other defects in the composite. Moreover, the simple and 
predictable nature of the integrated scattering from the stitch allows effects due to them to 
be processed out of the backscattered signal when inspecting these composites. Thus, the 
polar backscatter technique coupled with a sufficiently-detailed understanding of the wave 
interaction with the pristine structure of the composite will allow smaller and more difficult 
to detect flaws to be characterized. 
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